The energy spectrum contains information not only on the intensity but also on the scale dependence of the turbulent fluctuations; the spectrum is commonly used to describe the dynamics of homogeneous isotropic turbulence. On the other hand, one-point statistical quantities such as the turbulent kinetic energy are mainly treated for inhomogeneous turbulence. Although the energy spectrum must be useful in describing the scale dependence of inhomogeneous turbulence, the Fourier transform cannot be performed in general cases. In this work, instead of the energy spectrum in the wavenumber space, the energy density in the scale space was introduced on the basis of the two-point velocity correlation in the physical space. The transport equation for the energy density was derived for inhomogeneous turbulence. Direct numerical simulation (DNS) data of homogeneous isotropic turbulence were first used to evaluate the energy transfer in the scale space. The energy density equation was compared with the energy spectrum equation to assess the role of the energy density. DNS data of turbulent channel flow were also used to evaluate the energy density equation for inhomogeneous turbulence. The energy transport in the physical and scale spaces was examined in different regions of channel flow. It was shown that the transport equation for the energy density adequately describes the energy transfer in the scale space. The energy flux from the large to the small scales was observed for both turbulent flows in a similar manner to the conventional energy cascade in the wavenumber space. C 2015 AIP Publishing LLC.
I. INTRODUCTION
The energy transfer is an important property of turbulence in understanding the mechanism of turbulent flows and in constructing turbulence models. In studies of homogeneous isotropic turbulence, the energy spectrum, which is the Fourier transform of the two-point velocity correlation, is commonly used to describe the energy transfer in the wavenumber space. 1 The energy cascade from the low to the high wavenumbers has been studied in detail. On the other hand, for inhomogeneous turbulence, one-point statistical quantities such as the turbulent kinetic energy are mainly treated and the energy transfer in the physical space is described using one-point closure models. 2 This is because it is complicated to fully treat two-point quantities in inhomogeneous turbulent flows.
A few theoretical attempts have been made to consider the energy spectrum in order to construct inhomogeneous turbulence models. Yoshizawa 3, 4 developed a statistical theory called the two-scale direct-interaction approximation. Introducing fast and slow variables for space coordinate, he used the Fourier transform with respect to the fast variable in order to utilize the direct-interaction approximation theory for homogeneous isotropic turbulence. 5, 6 At the same time, inhomogeneous properties were expressed in terms of the slow variable to obtain inhomogeneous a) E-mail: hamba@iis.u-tokyo.ac.jp turbulence models such as the nonlinear eddy-viscosity model. Schiestel 7 derived a turbulence model involving multi-scale turbulent kinetic energies. Dividing the energy spectrum into several regions, he introduced the turbulent kinetic energies in several scales and formulated their transport equations. These approaches suggest that it is useful to describe the energy transfer not only in the physical space but also in the wavenumber space in order to improve turbulence models. However, in a strict sense, the Fourier transform cannot be performed in inhomogeneous directions; the two variables and the multi-scale energies mentioned above have not been physically justified yet. If a scale space equivalent to the wavenumber space is defined for inhomogeneous turbulence, it must be helpful in justifying and improving the above theoretical approaches.
Instead of the energy spectrum, the second-order velocity structure function ⟨δu 8-11 Hill 8 theoretically derived the exact transport equation for the structure function in inhomogeneous turbulence and discussed opportunities for investigations using the equation. The obtained transport equation is an extension of the Kolmogorov equation for homogeneous isotropic turbulence to the inhomogeneous case. Marati et al. 9 evaluated the structure function equation using direct numerical simulation (DNS) data of turbulent channel flow. They investigated a scale-by-scale balance for the turbulent fluctuations to present a precise description of the dynamics of turbulence in different regions of channel flow. Recently, Cimarelli et al.
11 examined the energy flux occurring in the scale space and in the physical space in turbulent channel flow. An interesting behavior of the energy flux was observed where the inverse energy cascade plays a central role.
When the separation r is very large, the second-order structure function ⟨δu 2 i (x, r)⟩ is reduced to the sum of twice the turbulent kinetic energies at very distant two points as ⟨u
Unless the separation r points a homogeneous direction, the two values may be very different from each other. It is not straightforward to relate the transport equation for the structure function to that for the turbulent kinetic energy at a single point. On the other hand, the two-point velocity correlation Q ii (x, r)(= ⟨u ′ i (x)u ′ i (x + r)⟩) can also play a role of the scale energy. The transport equation for the velocity correlation is an extension of the Kármán-Howarth equation for homogeneous isotropic turbulence to the inhomogeneous case. 10, 12 Moreover, when r = 0, the velocity correlation is reduced to the turbulent energy at a single point ⟨u
′2
i (x)⟩ unlike the structure function. Therefore, the velocity correlation is advantageous because its transport equation can be related to the turbulent energy equation in a straightforward manner.
Although the second-order structure function and the two-point velocity correlation can be considered the scale energy, they are not the energy density in the scale space in a strict sense. The structure function ⟨δu 2 i (x, r)⟩ can be understood as part of the turbulent energy whose scale is smaller than r(= |r|), while the velocity correlation Q ii (x, r) can be considered part of the turbulent energy whose scale is larger than r. Instead of the structure function itself, Davidson 10 defined the energy density using the r derivative of the structure function. He compared the energy density with the structure function in homogeneous isotropic turbulence and wall turbulence. 13, 14 In the present work, we propose another definition of the energy density using the r derivative of the two-point velocity correlation because of its advantage over the structure function. We expect that the energy density based on the two-point velocity correlation is useful in describing the energy transfer in the scale space and in improving turbulence models. This paper is organized as follows. In Sec. II, we introduce the energy density in the scale space and derive its transport equation for inhomogeneous turbulence. In Sec. III, we evaluate the transport equation for the energy density using DNS data of homogeneous isotropic turbulence. We assess the physical role of the energy density by comparing it with the energy spectrum in the wavenumber space. In Sec. IV, we evaluate the transport equation using DNS data of turbulent channel flow to examine the energy density in inhomogeneous turbulence. Concluding remarks are given in Sec. V.
II. FORMULATION
First, we describe the transport equations for the turbulent kinetic energy in the physical space and in the wavenumber space, respectively, clarifying the role of the energy density in each space. For inhomogeneous turbulence, the velocity is divided into the mean and fluctuating parts,
where ⟨ ⟩ denotes ensemble averaging. The turbulent kinetic energy K(= ⟨u ′2 i ⟩/2) is an important quantity representing the intensity of the turbulent fluctuations. More precisely, K is the energy density per unit volume (the mass density is omitted here because we focus on incompressible flows); that is, K(x)dx denotes the amount of energy in an infinitesimal volume dx at location x. The volume integral given by
represents the energy contained in the domain V . The transport equation for K is given by
where
Here, D/Dt = ∂/∂t + U i ∂/∂ x i , ν is the kinematic viscosity, p ′ is the pressure fluctuation, and the summation convention is used for repeated indices. This equation describes how the turbulent energy at location x is generated and destroyed. The right-hand side of Eq. (3) consists of the production, dissipation, and diffusion terms. The energy flux T K i represents a flow of the turbulent energy in the physical space, that is, the energy transfer from K(x) to K(x + ∆x). Such an energy flow can be treated because K is the energy density in the physical space.
For homogeneous isotropic turbulence, the transport equation for K is rewritten as
Since K is a function of time only, the transport equation is too simple to describe the status of the turbulent field; the turbulent energy simply decays as time goes on. Then, to express the turbulent field in more detail, the energy spectrum E(k) (= 2πk 2 Q ii (k), where Q ii (k) is the Fourier transform of the Q ii (r)) is usually introduced by making use of the homogeneity. The energy spectrum E(k) is the energy density in the wavenumber space; that is, E(k)dk denotes the amount of energy in the wavenumber region from k to k + dk and it satisfies
The turbulent energy K is decomposed into the energies at various wavenumber modes. The energy spectrum E(k) contains information not only on the intensity but also on the scale dependence of the turbulent fluctuations and can be approximately considered part of the energy whose length scale is about π/k. The transport equation for E(k) is given by
where 
Here, u (8) consists of the dissipation, energy transfer, and forcing terms. The forcing term is added because we will later examine DNS data of steady homogeneous isotropic turbulence driven by external forcing. The energy transfer term T(k) can be written as
The energy flux Π(k) represents a flow of the turbulent energy in the wavenumber space, that is, the energy transfer from
. Such an energy flux can be treated because E(k) is the energy density in the wavenumber space.
For inhomogeneous turbulence, it must also be useful to decompose the turbulent energy K into the energy spectrum E(k) in order to express the scale dependence of the turbulent fluctuations. However, it is not always possible to perform the Fourier transform of the velocity field because of the inhomogeneity. In this work, we adopt the two-point velocity correlation Q ii (x, r) to represent the energy at scale r. In fact, for homogeneous isotropic turbulence, the Kármán-Howarth equation describes the time evolution of the longitudinal velocity correlation and it is equivalent to the transport equation for the energy spectrum. 10 In the case of homogeneous isotropic turbulence, the velocity correlation Q ii (x, r) is a function of r only. Half the velocity correlation Q ii (r)/2(= Q ii (x, r)/2) has the same dimension as the turbulent energy K; it is equal to K for r = 0 and tends to zero in the limit of r → ∞. Therefore, Q ii (r)/2 can be considered part of the energy whose length scale is larger than r; it is not the energy density itself in r space. We then introduce the following quantity
so that E(r)dr can be the amount of energy in the scale region from r to r + dr and it satisfies
Therefore, we can consider E(r) the energy density in the scale space. Townsend 15 suggested a similar definition of energy density for homogeneous turbulence. He pointed out that the contribution to the velocity variance ⟨u ′2 x ⟩ from eddies of size r in unit range of log r is given by
In our approach, we apply this type of energy density not only to homogeneous turbulence but also to inhomogeneous one. Unlike E(k), the energy density E(r) can be defined for inhomogeneous turbulence as
The turbulent energy K at location x can be decomposed into the energy density in the onedimensional scale space as follows:
where the polar coordinate is used for r on the right-hand side. In Eq. (17), the one-dimensional integral is taken in the radial direction and the value of the energy density E(x, r) depends on how the angles θ and ϕ are set. Therefore, the one-dimensional decomposition is not unique for inhomogeneous turbulence and it depends on the direction of the line integral. In addition, the energy density in the three-dimensional scale space can be defined as
The energy density K(x, r) satisfies
where  dr is the volume integral in r space. The decomposition into the energy density in the three-dimensional scale space is uniquely determined unlike the one-dimensional decomposition.
We should note that the energy density E(x, r) defined as Eq. (16) is not necessarily positive in contrast to the energy spectrum E(k). This is because the velocity correlation Q ii (r) is not necessarily a function decreasing monotonically as r increases. A non-negative quantity is more appropriate as a kinetic energy. As well known, the second-order structure function ⟨δu 2 i (x, r)⟩ is non-negative. However, like the velocity correlation, the structure function is not the energy density itself. The r derivative of the structure function can be considered the energy density, but it is no longer non-negative. 10 Since the velocity correlation has an advantage over the structure function as mentioned in the Introduction, we adopt the r derivative of the velocity correlation as the energy density. It is better that a new definition of the energy density is found that is non-negative and satisfies Eq. (14) although we do not know candidates at present. It is also possible that negative energy density is permitted; the turbulent kinetic energy must be non-negative, but decomposed modes are not necessarily non-negative. The expression of Eq. (16) is similar to the potential force given by F = −∇Φ. The potential energy Φ at x = 0 can be expressed in terms of the line integral of force,
; the potential energy is decomposed into the work done by the potential force at each line element. The force F x (x) is considered the work per unit length and can be positive or negative. On this analogy, negative values of the energy density E(r) are not necessarily unphysical. It remains as future work to examine this issue in more detail.
In order to derive the transport equation for the energy density, we examine half the velocity correlation Q ii (r)/2. It represents part of the energy whose scale is larger than r because it satisfies
The transport equation for Q ii (x, r)/2 in inhomogeneous turbulence is given by 12, 16 D Dt
In the limit of r = 0, this equation is reduced to the transport equation for K given by Eq. (3). On the right-hand side of Eq. (21), the first and second terms correspond to the production, the third term to the dissipation, the fourth to sixth terms to the diffusion in Eq. (3). The remaining seventh and eighth terms are related to the energy transfer in the scale space; these terms vanish when r = 0.
Taking the r derivative of each term in Eq. (21), we obtain the transport equation for the energy density E(x, r) as follows:
By integrating each term from r = 0 to ∞, this equation is reduced to the K equation given by Eq. (3). On the right-hand side of Eq. (22), the first and second terms represent the production, the third term the dissipation, the fourth to sixth terms the diffusion in the physical space, and the seventh and eighth terms the energy transfer in the scale space. Using this equation, we can discuss the energy transport in the three-dimensional physical space (x) and in the one-dimensional scale space (r). The first to sixth terms on the right-hand side of Eq. (22) can be considered the decomposition of the corresponding terms in Eq. (3) into the scale space; we can examine which scale contributes to the production, dissipation, and diffusion processes. The seventh and eighth terms can be written as
The first term of the energy flux Π E (x, r) is driven by the turbulent fluctuations, whereas the second term is affected by the mean velocity. In order to compare the derived equations with the energy spectrum equation, we express the equations in the case of homogeneous isotropic turbulence. The transport equation for Q ii (x, r)/2 in homogeneous isotropic turbulence is written as
Only the dissipation and transfer terms remain in Eq. (25) density E(r)(= E(x, r)) in homogeneous isotropic turbulence is written as
The energy transfer term T E (r) can be rewritten as
where Π E (r) represents the energy flux in the positive r direction in the one-dimensional scale space.
The energy flux similar to Π E (r) was discussed in relation to the Kolmogorov's four-fifths law as follows. 1, 17, 18 The energy flux Π(k) in the wavenumber space given by Eq. (12) can be expressed in terms of the Fourier transform of the triple velocity correlation,
The quantity ε L (r) is approximately considered the energy flux in the scale space. 18 When the separation r is much greater than the dissipation length scale, the triple correlation can be estimated as
which is equivalent to the Kolmogorov's four-fifths law. This form leads to
Therefore, the value of the energy flux in the scale space is equal to the dissipation rate. Similarly, the energy flux Π E (r) introduced in this work can be estimated as
This expression reveals that the energy flux equal to ε flows in the negative r direction in the inertial range. This relationship suggests that we can discuss the energy transfer from the large to the small scales in the same way as the energy cascade in the wavenumber space. Here, we directly compare the energy density with the energy spectrum using the Fourier transform. It is known that the velocity correlation is related to the energy spectrum as
The function G 1 (k,r) for fixed r tends to unity as k → 0 and decreases to zero as k → ∞. Therefore, the function plays a role of low-pass filter with cutoff wavenumber k ≃ 1/r although the function somewhat oscillates as k increases. Similarly, the energy density E(r) is related to the energy spectrum as
The function G 2 (k,r) can be approximately considered a band-pass filter around k ≃ 1/r. Specific forms of Eqs. (40) and (41) will be evaluated in Sec. III. The energy spectrum in the inertial range is given by
where K 0 is the Kolmogorov constant. Substituting Eq. (42) into Eq. (41), we obtain the energy density in the inertial range of the scale space as follows:
where Γ(1/3) = 2.679 is the gamma function. This form shows that the energy density is proportional to r −1/3 in the inertial range. This dependence corresponds to the two-thirds law for the structure function,
Since the energy spectrum E(k) is the energy density in the wavenumber space, it directly corresponds to the energy density E(r) in the scale space rather than the velocity correlation Q ii (r)/2. Equation (39) suggests that the flux of the energy density in the inertial range of the scale space is equal to the dissipation rate ε like the energy flux in the wavenumber space. Since the velocity correlation Q ii (r)/2 represents part of the turbulent energy whose length scale is larger than r, its counterpart in the wavenumber space can be given by
Its transport equation is written as
Equation (46) in the wavenumber space corresponds to the transport equation for Q ii (r)/2 in the scale space given by Eq. (25). In the limit of k → ∞, E < (k) is equal to K and the transfer term T < (k) vanishes; the transport equation is reduced to the K equation given by Eq. (6). In summary, we introduced the energy density E(x, r) in the scale space defined as Eq. (16 transfer in the scale space in a similar manner to the energy spectrum E(k) in the wavenumber space. In addition, the energy density E(x, r) can be used not only for homogeneous isotropic turbulence but also for inhomogeneous turbulence.
III. ANALYSIS USING DNS OF ISOTROPIC TURBULENCE
In order to assess the role of the newly introduced energy density and its transport equation, we investigate DNS data of homogeneous isotropic turbulence in this section. The computational domain of the DNS is 2π × 2π × 2π and the number of grid points is 1024 3 . The velocity is normalized so that the initial velocity variance ⟨u ′2 i ⟩ is equal to unity. We carried out two runs: decaying turbulence (Case 1) and steady turbulence with external forcing (Case 2). The initial spectrum was set to
, where k 0 = 3.5 for both cases. In Case 2, external forcing with negative viscosity 19, 20 was applied at 2.5 ≤ k ≤ 4.5 to keep the turbulent energy constant in time. We will show results of the decaying turbulence at t for the inertial range is also plotted. Because of external forcing the spectrum in Case 2 is greater than that in Case 1 at 8 × 10 −3 ≤ k * ≤ 0.036, whereas the two spectra are nearly the same at k * ≥ 0.036. The wavenumber k * = 0.036 is slightly low compared to the edge of the inertial range at k * ≃ 0.065. Since the Reynolds number is not very high, the inertial range where E(k * ) ∝ k * −5/3 is narrow; it is located at 0.065 < k * < 0.17. At k * > 0.17, the energy spectrum is less than the line of k * −5/3 because of the viscous effect. 
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Fujihiro Hamba Phys. Fluids 27, 085108 (2015) and L = 0.501 in Case 2. The value of the velocity correlation at r † = 0 corresponds to the turbulent energy K. The value of K is 0.5 in Case 2 because the turbulent energy is kept constant by external forcing, while K decays to 0.325 in Case 1. The velocity correlation monotonically decreases to zero as r † increases in Case 1, while it shows a slight overshoot and small negative values are seen at 2.2 < r † < 3.6 in Case 2. The slightly oscillating profile in Case 2 is attributed to the low wavenumber part of energy spectrum excited by external forcing. It was shown that the velocity correlations for the two cases are different from each other at large scales at r † > 0.3, whereas they are similar at small scales at r † < 0.3. As discussed in Sec. II, the scale-space counterpart of the energy spectrum E(k) is the energy density E(r) rather than the velocity correlation Q ii (r)/2. Figure 3(a) shows the profiles of the energy density E(r † ) as a function of r † for Cases 1 and 2. The profile of E(r † ) at large (small) scales in Fig. 3(a) corresponds to the profile of E(k * ) at low (high) wavenumbers in Fig. 1 . Because of external forcing, the energy density in Case 2 is greater than that in Case 1 at 0.2 < r † < 2.5, whereas the two energy densities are nearly the same at r † < 0.2. We note that in Fig. 3(a) , the energy density in Case 2 shows negative values at 2.7 < r † < 4.6 where the gradient of Q ii (r † )/2 is positive in Fig. 2 . As discussed in Sec. II, when we define the energy density using the r derivative of the velocity correlation or the structure function, negative values are possible.
In order to see the small scale part of E(r) in more detail, we plot the profiles in the semi-log scale in Fig. 3(b) . A curve of r * −1/3 for the inertial range is also plotted. The separation r * (= r/η) is normalized by the Kolmogorov length scale η. It is clearly seen that the two energy densities are nearly the same at r * < 25. The scale of r * = 25 is slightly large compared to the edge of the inertial range at r * ≃ 20. Since the Reynolds number is not very high, the inertial range where E(r * ) ∝ r * −1/3 is narrow; it is located at 12 < r * < 20. At r * < 12, the energy density is less than the curve of r * −1/3 because of the viscous effect. Therefore, the behavior of the energy density E(r * ) is very similar to that of the energy spectrum E(k * ) shown in Fig. 1 . We note that the corresponding values of wavenumber k * and scale r * are slightly different from each other. For example, the two energy spectra show a difference at k * = 0.036 in Fig. 1 , while the two energy densities show a difference at r * = 25 in Fig. 3(b) . If we assume the relationship r * = π/k * , the value of r * = 25 is small compared to the estimated value of r * = π/0.036 = 87. Moreover, the inertial range of E(r * ) at 12 < r * < 20 is even narrower and shifted to smaller scale compared to the range of 18 < r * < 48 estimated from the inertial range of E(k * ) at 0.065 < k * < 0.17. In Sec. II, we mentioned that the velocity correlation Q ii (r)/2 and the energy density E(r) are related to the energy spectrum E(k) via the functions G 1 (k,r) and G 2 (k,r), respectively. Here, we examine these relationships using DNS data. Figure 4 shows the profiles of the integrands E(k 
turbulent energy whose scale is larger than r. Similarly, in Fig. 4(b) , the peak of E(k * )G 2 (k * ,r † ) is shifted to lower wavenumber as r † increases. These profiles show that the function G 2 (k,r) plays a role of band-pass filter and that the energy density approximately represents part of the turbulent energy whose scale is about r.
Considering the function G 2 (k,r), we discuss the difference in the inertial ranges of E(k * ) and E(r * ) in more detail. It is known that the profile of the energy spectrum and the value of the Kolmogorov constant are fairly universal. 21 On the other hand, the identification of the inertial range of the structure function is not easy and its profile depends on the Reynolds number to some extent. 22, 23 In the present work, the inertial range of E(k * ) in Fig. 1 is wider than that of E(r * ) in Fig. 3(b) . This difference in the inertial range is closely related to the function G 2 (k,r) appearing in Eq. (41). If the profile of G 2 (k,r) were very sharp like δ(k − π/r), then the value of E(r) would be determined only by the value of E(k) at k = π/r. The inertial range of E(k) at k 1 < k < k 2 should correspond to the inertial range of E(r) at π/k 2 < r < π/k 1 . However, the profiles of E(k * )G 2 (k * ,r † ) are fairly broad in Fig. 4(b) . The broad profiles suggest that the energy density E(r) at π/k 2 < r < π/k 1 is affected not only by the inertial range of E(k) at k 1 < k < k 2 but also by the other ranges of E(k) at k < k 1 and at k > k 2 . This effect can account for the narrow inertial range of E(r * ) in Fig. 3(b) . Next, we examine the transport equation for the energy spectrum in advance of that for the energy density. Figure 5 shows the profiles of terms in the transport equation for the energy spectrum E(k) given by Eq. (8) as functions of k * for Cases 1 and 2. In Fig. 5(a) , the time derivative term shows negative values because the turbulence is decaying in Case 1. The energy transfer term T(k) is negative at k * < 0.09 and positive at k * > 0.09, representing the forward energy cascade. At high wavenumbers, the dissipation term shows negative values and it is balanced by the energy transfer term. In Fig. 5(b) , the time derivative term nearly vanishes because the turbulence is in a steady state owing to external forcing in Case 2. positive at k * > 0.02; the turbulent energy injected by external forcing is transferred toward the higher wavenumber part. At high wavenumbers, the dissipation term shows negative values and it is balanced by the energy transfer term in a similar manner to Fig. 5(a) for Case 1. In both cases, the energy transfer term shows a typical energy cascade from the low to the high wavenumbers.
To examine the energy flux in more detail, we plot the profiles of terms in the transport equation for E < (k) given by Eq. (46) as functions of k * for Cases 1 and 2 in Fig. 6 . Since E < (k) denotes part of the turbulent energy whose wavenumber is lower than k, the energy transfer term T < (k) is equal to minus the energy flux Π(k) as shown in Eq. (48). In Fig. 6(a) , all three terms show negative values because the turbulence is decaying in Case 1. The energy transfer term T < (k) is dominant at intermediate wavenumbers at k * = 0.1 representing the forward energy cascade, while the dissipation term ε < (k) takes over as the wavenumber becomes higher. The maximum value of |ε < (k)| at k * = k * max is equal to the dissipation rate ε itself as can be seen in Eq. (47). The maximum value of |T < (k)| is slightly less than ε because the Reynolds number is not very high. In Fig. 6(b) , the energy transfer term T < (k) is dominant among the negative terms at intermediate wavenumbers and is balanced by the positive forcing term F < (k) for Case 2. This balance shows that the turbulent energy injected at low wavenumbers is clearly transferred to the higher wavenumber part via the energy transfer term. At high wavenumbers, the dissipation term takes over and is balanced by the forcing term.
We then analyze the transport equation for the energy density to see whether the energy transfer can be expressed adequately. Figure 7 shows the profiles of terms in the transport equation for the energy density E(r) given by Eq. (29) as functions of r * for Cases 1 and 2. The profiles of terms at large (small) scales in Fig. 7 correspond to those of the E(k) equation at low (high) wavenumbers in Fig. 5 . In Fig. 7(a) , the time derivative term shows negative values because the turbulence is decaying in Case 1. The energy transfer term T(r) is negative at r * > 19 and positive at r * < 19, representing the energy cascade from the large to the small scales. At small scales, the dissipation term shows negative values and it is balanced by the energy transfer term. Therefore, the transport of E(r) shown in Fig. 7(a) is very similar to that of E(k) shown in Fig. 5(a) . In Fig. 7(b) , the time derivative term nearly vanishes because the turbulence is in a steady state in Case 2. At large scales, the forcing term F E (r) shows positive values and the energy transfer term shows negative value. The latter term becomes positive at r * < 30; the turbulent energy injected by external forcing is transferred toward the small scale part. At small scales, the dissipation term shows negative values and it is balanced by the energy transfer term. Therefore, the transport of E(r) shown in Fig. 7(b) is also similar to that of E(k) shown in Fig. 5(b) . A slight difference is seen in the width of the forcing region. The forcing term F(k) is limited to 8 × 10 −3 < k * < 0.02 in Fig. 5(b) because of its definition. In contrast, the forcing term F E (r) shows a rather broad profile in the scale space in Fig. 7(b) . This broad profile can be understood by the previous discussion on the broad profile of Fig. 4(b) . Figure 8 shows the profiles of terms in the transport equation for the velocity correlation Q ii (r)/2 given by Eq. (25) as functions of r * for Cases 1 and 2. The transport equation for Q ii (r)/2 should be compared with that of E < (k) given by Eq. (46) plotted in Fig. 6 . It is clear that each term in Figs. 8(a) and 8(b) shows a very similar profile to the counterpart in the E < (k) equation plotted in Figs. 6(a) and 6(b) . The negative values of T Q (r)(= Π E (r)) represent the energy flux toward the small scales in the scale space. Therefore, Figs. 7 and 8 reveal that the transport equations for E(r) and Q ii (r)/2 clarify the energy flux from the large to the small scales in the scale space in a similar manner to those of E(k) and E < (k) in the wavenumber space. These results suggest that the energy density E(r) introduced in this work is useful in describing the dynamics of homogeneous isotropic turbulence like the energy spectrum E(k).
IV. ANALYSIS USING DNS OF CHANNEL FLOW
In order to see whether the energy density can be used to investigate the energy transfer in inhomogeneous turbulence, we examine DNS data of turbulent channel flow. The DNS was carried out as follows. The size of the computational domain is L x × L y × L z = 2π × 2 × π where x, y, and z denote the streamwise, wall-normal, and spanwise directions, respectively. The number of grid points is N x × N y × N z = 512 × 192 × 512. The Reynolds number based on the friction velocity u τ and the channel half width L y /2 is set to Re τ = 395. Hereafter, physical quantities are nondimensionalized by u τ and L y /2. The periodic boundary conditions are used in the streamwise and spanwise directions and the no-slip conditions are imposed at the wall at y = ±1. We use the second-order finite-difference scheme in space and the Adams-Bashforth method for time marching. Statistical quantities such as the velocity correlation were obtained by averaging over the x-z plane and over a time period of 20 normalized by (L y /2)/u τ .
The energy density can be defined as Eq. (16) for inhomogeneous turbulence. The turbulent energy can be decomposed into the energy density in one-dimensional scale space as shown in Eq. (17) . This decomposition depends on the direction of the one-dimensional integral in the case of inhomogeneous turbulence. In contrast, the three-dimensional decomposition is uniquely defined as Eq. (19) . However, it is complicated to examine the transport equation in three-dimensional scale space because the transport equation contains many terms for inhomogeneous turbulence. In this work, as a first step, we focus on the decomposition in the streamwise direction (r x ). The energy density based on the other one-dimensional space and on the three-dimensional space will be studied in future work. For turbulent channel flow, the streamwise energy density can be defined as
which satisfies
In addition to the dependence on r x in the scale space, the energy density depends only on y in the physical space because the velocity field is statistically homogeneous in the streamwise and spanwise directions. Figure 9 (a) shows the contours of the velocity correlation Q ii ( y,r x )/2 in the r x -y plane. The bottom wall of the channel is located at y = −1 and the channel center is at y = 0. The value of Q ii ( y,r x )/2 at r x = 0 is equal to the turbulent energy K( y); its peak is located at Figure 9 (b) shows the profiles of Q ii ( y,r x )/2 as a function of r x for three values of y. The value of Q ii ( y,r x )/2 for fixed y decreases monotonically as r x increases. These profiles are similar to those for homogeneous isotropic turbulence plotted in Fig. 2 . of y, the profile in the r x direction reaches its maximum at r x ∼ 0.05. The peak location gradually increases as y increases at y > −0.9. This behavior is attributed to the fact that the turbulent length scale increases as the distance from the wall increases. Figure 10 (b) shows the profiles of E( y,r x ) as a function of r x for three values of y. These profiles are similar to those for homogeneous isotropic turbulence plotted in Fig. 3 . For turbulent channel flow, negative values of E( y,r x ) are hardly seen in Fig. 10 (b) in contrast to that for Case 2 in Fig. 3 where external forcing is applied. This difference is because the energy production due to the mean shear in channel flow is a natural process in contrast to the artificial external forcing in a limited wavenumber region in homogeneous isotropic turbulence. Before examining the transport equation for the energy density, we show the profiles of terms in the transport equation for the turbulent energy K as functions of y in Fig. 11 . For turbulent channel flow, the transport equation for K given by Eq. (3) is rewritten as
The right-hand side consists of the production, dissipation, turbulent diffusion, pressure diffusion, and viscous diffusion terms. In Fig. 11 , the production term is positive and dominant; its peak is located at y = −0.97 ( y + = 12). This location is close to the peak of the turbulent energy K at y + = 16. At y > −0.90 ( y + > 38), the production and dissipation terms balance each other. The location at y + = 38 is approximately considered the bottom of the log layer of turbulent channel flow. At y > −0.2 near the channel center, the production term is very small because the velocity gradient decreases to zero at y = 0. Instead the turbulent diffusion term shows positive values and is balanced by the dissipation terms. The three y locations plotted in Figs. 9(b) and 10(b) are selected as follows. The turbulent energy is maximum in the buffer layer at y = −0.96 ( y + = 16), the production and dissipation terms balance each other in the log layer at y = −0.70 ( y + = 118), and the turbulent diffusion and dissipation terms balance each other at the channel center at y = −0.01
We then analyze the transport equation for the energy density E( y,r x ). For turbulent channel flow, Eq. (22) is rewritten as ∂ ∂t E( y,r x )
where e x is the unit vector in the x direction. The right-hand side consists of the production, dissipation, turbulent diffusion, pressure diffusion, viscous diffusion, and transfer terms. Figure 12 shows the profiles of terms in the transport equation as functions of r *
x at the three y locations mentioned above. The separation r * x (= r x /η) is normalized by the Kolmogorov length scale η. The value of η is 4.29 × 10 −3 at y + = 16, 7.05 × 10 −3 at y + = 118, and 0.0113 at y + = 390. In Fig. 12 (a) for y + = 16, the production term shows positive values at relatively large scales. The energy transfer term is negative at r * x > 39 and positive at r * x < 39, while the dissipation term shows negative values at small scales. Therefore, the turbulent energy is injected at large scales from the mean velocity via the production term, is transferred from the large to the small scales, and is dissipated at small scales. The behavior is similar to the homogeneous isotropic turbulence discussed in Sec. III. However, the scales of the production and dissipation terms are not clearly separated from each other in contrast to the forcing and dissipation terms in homogeneous isotropic turbulence plotted in Fig. 7(b) . In addition to the three dominant terms, other three terms show non-zero values. The turbulent and viscous diffusion terms are negative at all scales. These negative values represent the energy transfer from here at y + = 16 to other y locations in the physical space. This energy transfer is driven because the turbulent energy is maximum here. The pressure diffusion term shows negative values at large scales and positive values at small scales. Although the pressure diffusion term in the K equation is negligible at y + = 16, it slightly contributes to the energy transfer from the large to the small scales.
In Fig. 12 (b) for y + = 118, the production and transfer terms are dominant at r * x > 21, while the transfer and dissipation terms are dominant at r * x < 11. Like Fig. 12(a) , the transfer term shows negative values at r * x > 14 and positive values at r * x < 14, representing the energy transfer from the large to the small scales. The profiles of the transfer and dissipation terms are similar to the counterparts for the homogeneous isotropic turbulence plotted in Fig. 7(a cascade occurs in turbulent channel flow. Compared to the forcing term for homogeneous isotropic turbulence plotted in Fig. 7(b) , the profile of the production term in Fig. 12(b) is seen at relatively smaller scales. This is because the local Reynolds number is smaller; the Taylor micro-scale Reynolds number R λ (=  5/(3νϵ)⟨u ′2 i ⟩) is 23.5 at y + = 118 whereas it is 161 in Case 2 in homogeneous isotropic turbulence. In addition to the dominant three terms, the turbulent diffusion term shows small positive values. This diffusion term is related to the energy flux in the y direction in the physical space; the incoming flux from the near-wall region is slightly greater than the outgoing flux toward the channel center.
In Fig. 12(c) for y + = 390, the production term vanishes and the turbulent diffusion term shows large positive values. The energy transfer and dissipation terms show similar profiles to the other cases plotted in Figs. 12(a) and 12(b) . Instead of the production term, the turbulent diffusion term plays a role of energy generation at the channel center. Examining the Reynolds stress budgets in channel flows up to Re τ = 2000, Hoyas and Jiménez 24 showed that at y/h > 0.4, the production term decreases and the dissipation term is compensated by the turbulent and pressure diffusions. Danaila et al. 25 paid attention to the balance between the turbulent diffusion and dissipation terms at the channel center and proposed a generalized form of Kolmogorov's equation to improve the method of experimentally determining the dissipation rate. They showed that the non-homogeneity term due to the turbulent diffusion plays a role of generation of the second-order structure function at large scales; this situation is similar to the present result shown in Fig. 12(c) . The results shown in Figs. 12(a)-12(c) reveal the forward energy cascade from the large to the small scales at each y location; the turbulent energy is injected by the production term (or the diffusion term at the channel center) at large scales, is transferred toward small scales by the transfer term, and is dissipated at small scales by the dissipation term.
Marati et al. 9 carried out an analogous analysis using the DNS of turbulent channel flow. They investigated the extended Kolmogorov's equation or the transport equation for the second-order structure function. Since the second-order structure function is related to the velocity correlation as ⟨δu 2 i (x, r)⟩ = 4K(x) − 2Q ii (x, r) for separation r in the homogeneous direction, their analysis corresponds to the transport equation for Q ii (x, r)/2 given by Eq. (21) in the present work. They evaluated the energy flux in the physical and scale spaces at different y locations and clarified the dynamics of the turbulent fluctuations including the energy flux from the large to the small scales. Most of their results are similar to the present work except that the energy flux in the buffer layer in turbulent channel flow; they pointed out that an inverse cascade in the scale space is seen at y + = 20 in the buffer layer. Recently, Cimarelli et al. 11 examined the energy flux in the physical and scale spaces in turbulent channel flow in detail. They found an interesting spiral-like behavior of the energy flux related to the inverse cascade. On the other hand, the present analysis using the energy density shows only the conventional forward cascade. The difference is due partly to the different definitions of the energy flux in the scale space. In the present work, the flux of the energy density is defined as Eq. (34). Its dimension is equal to the product of the energy density and the velocity. In contrast, Marati et al. 9 and Cimarelli et al. 11 defined the energy flux as ⟨δu 2 j δu i ⟩. Its dimension is equal to the product of the structure function and the velocity. We believe that our definition is more appropriate in describing the energy flux because E(x, r) is the energy density in the scale space, but the structure function is not. In future work, we need to clarify the reason for the difference in the energy cascade by examining the three-dimensional scale space.
V. CONCLUSIONS
The energy density in the scale space was introduced on the basis of the two-point velocity correlation. The transport equation for the energy density was derived for inhomogeneous turbulence. The relationship between the two-point velocity correlation, the energy density, and the energy spectrum was examined. It was suggested that the counterpart of the energy spectrum is the energy density rather than the velocity correlation and that the flux of the energy density is appropriate in expressing the energy transfer in the scale space. DNS data of homogeneous isotropic turbulence were first used to evaluate the transport equation for the energy density; the equation was compared with the energy spectrum equation. It was shown that the energy density equation can describe the energy flux from the large to the small scales in a similar manner to the conventional energy cascade in the wavenumber space. DNS data of turbulent channel flow were also used to evaluate the energy density equation for inhomogeneous turbulence. The energy transport in the wall-normal direction in the physical space and in the streamwise direction in the scale space was examined in the buffer layer, in the log layer, and at the channel center. In addition to the energy diffusion toward the channel center in the physical space, the energy flux from the large to the small scales was also observed at each y location. It remains as future work to analyze the energy transfer in other directions of the scale space and in the three-dimensional scale space. We believe that the analysis of the transport equation for the energy density is helpful for obtaining a better understanding of inhomogeneous turbulence and for improving turbulence models.
